Introduction
Consider the gradient map associated to any non-constant homogeneous polynomial f ∈ C[x 0 , . . . , x n ] of degree d, defined by
where D(f ) = {x ∈ P n ; f (x) = 0} is the principal open set associated to f and
. This map corresponds to the polar Cremona transformations considered by Dolgachev in [10] , see also [9] , [8] , [5] , [12] , [1] .
In section 2 we recall basic facts on the degree d(f ) of the gradient map grad(f ), emphasizing in Theorem 2.3 the relation to the Bouquet Theorem of Lê in [14] .
In section 5 we recall first Mather's Lemma 5.4 providing effective necessary and sufficient conditions for a connected submanifold to be contained in an orbit. In Theorem 5.6 we show that two quasihomogeneous polynomials f and g having equal Jacobean ideals are right-equivalent. Our result applies to arbitrary quasihomogeneous polynomials i.e. it is not necessary to impose the condition of having isolated singularities at the origin.
The Degree of The Gradient
Let d(f ) = deg(φ f ) denote the degree of the gradient map, which is defined as follows. For a dominant map φ f we have the following equivalent definitions:
(i) There is a Zariski open and dense subset U in P n such that for all u ∈ U the fiber φ −1 f (u) has exactly d(f ) points; (ii) the rational fraction field extension φ * f : K(P n ) → K(D(f )) has degree d(f ), see Mumford [18] , Proposition (3.17) .
In particular, this latter formulation implies that d(f ) = 1 if and only if the gradient map φ f induces a birational isomorphism of the projective space P n .
The degree of the gradient map φ f is defined to be zero if the gradient map is not dominant. Note that in all the above we may replace the open set D(f ) by the larger open set
without changing the degree of the gradient map (to see this just see description (i) given above for the degree).
One has the following topological description of the degree d(f ) of the gradient map grad(f ), see [9] .
where H is a generic hyperplane in P n . In particular, we have
Note that the meaning of 'generic' here is quite explicit: the hyperplane H has to be transversal to a stratification of the projective hypersurface V . This yields in particular the following corollary, see [9] and also [12] for a recent, completely different approach.
Corollary 2.2. The degree of the gradient map grad(f ) depends only on the reduced polynomial f red associated to f .
Moreover, Theorem 2.1 can be restated in the following way, which shows that for any projective hypersurface V , if we choose the hyperplane at infinity H in a generic way, then the topology of the affine part X = V \H is very simple. For details, see [9] . Theorem 2.3. For any non-constant homogeneous polynomial f ∈ C[x 0 , . . . , x n ], the affine part X(f ) = V (f )\H of the corresponding projective hypersurface V (f ) with respect to a generic choice of the hyperplane at infinity H is homotopy equivalent to a bouquet of (n − 1)-spheres. The number of spheres in this bouquet is the degree d(f ).
Using Theorem 2.3 and known facts on the topology of special fibers in a deformation of an isolated hypersurface singularity, we have
where µ(V (f )) is the sum of the Milnor numbers of all the singularities of V (f ), see [7] , p. 161 for details. When all these singularities are quasihomogeneous, then µ(V (f )) = τ (V (f )), where τ (V (f )) is the sum of the Tjurina numbers of all the singularities of V (f ). The claim (i) above follows from deep results by du Plessis and Wall [11] giving upper bounds for τ (V (f )).
Quasihomogeneous Functions and Filtrations
Definition 3.1. A holomorphic function f : (C n , 0) → (C, 0), defined on the complex space C n , is called a quasihomogeneous function of degree d with exponents
The exponents w i are alternatively referred to as the weights of the variable x i .
In terms of the Taylor series f k x k of f , the quasihomogeneity condition means that the exponents of the nonzero terms of the series lie in the hyperplane
Any quasihomogeneous function f of degree d satisfies Euler's identity
It implies that a quasihomogeneous function f belongs to its Jacobean ideal J f . The following are well known results. Consider C n with a fixed coordinate system x 1 , . . . , x n . The algebra of formal power series in the coordinates will be denoted by A = C[[x 1 , . . . , x n ]]. We assume that a quasihomogeneity type w = (w 1 , . . . , w n ) is fixed. With each such w there is associated a filtration of the ring A, defined as follows. 
Definition 3.7. F is said to be a quasihomogeneous map of degree d and type w if each component F i is a quasihomogeneous function of degree d i and type w.
Quasihomogeneous Diffeomorphisms and Vector Fields
Several Lie groups and algebras are associated with the filtration defined in the ring A of power series by the type of quasihomogeneity w. In the case of ordinary homogeneity these are the general linear group, the group of k-jets of diffeomorphisms, its subgroup of k-jets with (k−1)-jet equal to the identity, and their quotient groups. Their analogues for the case of a quasihomogeneous filtration are defined as follows [4] .
) is a set of n power series g i ∈ A without constant terms for which the map g * : A → A given by the rule g * f = f • g is an algebra isomorphism. 
The set of all diffeomorphisms of order d ≥ 0 is a group G d . The family of groups G d yields a decreasing filtration of the group G of formal diffeomorphisms; indeed, ford > d ≥ 0, Gd ⊂ G d and is a normal subgroup in G d . The group G 0 plays the role in the quasihomogeneous case that the full group of formal diffeomorphisms plays in the homogeneous case. We should emphasize that in the quasihomogeneous case G 0 = G since certain diffeomorphisms have negative orders and do not belong to G 0 . Definition 4.3. The group of d-quasijets of type w is the quotient group of the group of diffeomorphisms G 0 by the subgroup G d+ of diffeomorphisms of order higher than d:
In the ordinary homogeneous case our numbering differs from the standard one by 1: for us J 0 is the group of 1-jets and so on. The set of all quasihomogeneous diffeomorphisms is a subgroup of G 0 . This subgroup is canonically isomorphic to J 0 , the isomorphism being provided by the restriction of the canonical projection G 0 → J 0 . The infinitesimal analogues of the concepts introduced above look as follows. . The quasihomogeneous vector fields of degree 0 form a finite-dimensional Lie subalgebra of the Lie algebra g 0 ; this subalgebra is canonically isomorphic to the Lie algebra j 0 of the group of 0-jets of diffeomorphisms. The Lie algebra a of quasihomogeneous vector fields of degree 0 is spanned, as a C-linear space, by all monomial fields x P ∂ i for which < P , w >= w i . For example, the n fields x i ∂ i belong to a for any w.
Example 4.7. Consider the quasihomogeneous polynomial f = x 2 y + z 2 of degree d = 6 w.r.t. weights (2, 2, 3) . Note that the Lie algebra of quasihomogeneous vector fields of degree 0 is spanned by
Polynomials with isomorphic Milnor algebras are Equivalent
We recall here some basic facts on semialgebraic sets , which are also called constructible sets, especially in the complex case. For a more complete introduction we can see [13] , chapter 1. Let m : G×M → M be a smooth action. In order to decide whether two elements x 0 , x 1 ∈ M are G-transversal, we try to find a path (a homotopy) P = {x t ; t ∈ [0, 1]} such that P is entirely contained in a G-orbit. It turns out this naive approach works quite well and the next result gives effective necessary and sufficient conditions for a connected submanifold (in our case the path P ) to be contained in an orbit. 
For isolated hypersurface singularities, the following result was obtained by Mather and Yau, see [17] , 1982. For arbitrary (i.e. not necessary with isolated singularities) homogeneous polynomials we have established the following result, see [2] , 2008.
∼ denotes the right equivalence.
Consider the corollary of above theorem.
Remark 5.8. The converse implication, namely
always holds(even for analytic germs f, g defining IHS), see [6] , p90.
Remark 5.9. From Corollary 5.7 it follows that the polynomial f is determined in a sense by the graded Milnor algebra M(f ). As a result degφ f should be computable from M(f ), or even maybe from the Poincaré series P M (f ) . The following example suggest however that there is no easy answer to this open question. 
Now, consider the gradient map 
where u i = 0 for each i = 0, . . . , n, otherwise the point (u o : u 1 : . . . : u n ) will not be a generic point. It implies that deg φ f = |φ
, which gives the relation between a topological invariant the degree of the gradient map φ f and an algebraic invariant the Milnor number µ f .
We extend now the Theorem 5.6 for arbitrary (i.e. not necessary with isolated singularities) quasihomogeneous polynomials. T ft (J 0 .f t ) = C x P ∂f t ∂x i ; i = 1, . . . , n & < P , w >= w i Note that the R.H.S of eq. (5.1) satisfies the relation
So, we have the inclusion of finite dimensional C-vector spaces 
, where < P , w >= w i & P = (P 1 , . . . , P j , . . . , P n )
We can express each α ij (t), i, j = 1, . . . , n in terms of above mentioned fixed basis as 
having rank at most m. Note that the equality
holds for those values of t in C for which the rank of above matrix is precisely m.
As we know that the rank of the matrix of transformation is at most m, therefore there must be n 2 − m proportional rows. So, we have the m × m-sub matrix whose determinant is a polynomial of degree m in t and by the fundamental theorem of algebra it has at most m roots in C for which rank of the matrix of transformation will be less than m. Therefore, the above-mentioned equality does not hold for a finitely many values, say t 1 , . . . , t q where 1 ≤ q ≤ m. It follows that the dimension of the space (5.1) is constant for all t ∈ C except finitely many values {t 1 , . . . , t q }. For an arbitrary smooth path α : C −→ C\{t 1 , . . . , t q } with α(0) = 0 and α(1) = 1, we have the connected smooth submanifold
By the above, it follows dim T ft (J 0 .f t ) is constant for f t ∈ P . Now, to apply Mather's lemma, we need to show that the tangent space to the submanifold P is contained in that to the orbit J 0 .f t for any f t ∈ P . One clearly has T ft P = {ḟ t = −α(t)f (x) +α(t)g(x) : ∀ t ∈ C} Therefore, by Euler formula 3.1, we have T ft P ⊂ T ft (J 0 .f t ) By Mather's lemma the submanifold P is contained in a single orbit. Hence the result. , . . . , x 2 n ) = C < 1, x 2 , . . . , x n , x 2 x 3 , . . . , x i x j , . . . , x n−1 x n , . . . , x i x j x k , . . . , x 2 . . . x n > Therefore, we have n − µ(V (f )).
